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1. Introduction
If f , g ≥ 0, p > 1, 1p + 1q = 1, 0 <
∫∞
0 f
p(x)dx <∞ and 0 < ∫∞0 gq(x)dx <∞, then∫ ∞
0
∫ ∞
0
f (x)g(y)
x+ y dxdy <
pi
sin(pi/p)
(∫ ∞
0
f p(x)dx
)1/p (∫ ∞
0
gq(x)dx
)1/q
(1.1)
where the constant factor pi/ sin(pi/p) is the best possible. Inequality (1.1) is called Hardy–Hilbert’s integral inequality
(see [1]) and is important in analysis and applications (cf. Mitrinovic et al. [2]). Hardy et al. [1] gave an inequality similar to
(1.1) as:∫ ∞
0
∫ ∞
0
f (x)g(y)
max {x, y}dx dy ≤ pq
(∫ ∞
0
f p(t)dt
)1/p (∫ ∞
0
gq(t)dt
)1/q
, (1.2)
where the constant factor pq is the best possible.
Other mathematicians presented generalizations or new kinds of (1.2) as follows:
Theorem 1.1 ([3]). If λ > 0, p > 1, 1p + 1q = 1, f , g ≥ 0 such that
0 <
∫ ∞
0
tp−1−λf p(t)dt <∞, 0 <
∫ ∞
0
tq−1−λgq(t)dt <∞,
then one has∫ ∞
0
∫ ∞
0
f (x)g(y)
max
{
xλ, yλ
}dx dy < pq
λ
(∫ ∞
0
tp−1−λf p(t)dt
)1/p (∫ ∞
0
tq−1−λgq(t)dt
)1/q
, (1.3)
where the constant factor pq
λ
is the best possible.
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Theorem 1.2 ([4]). Suppose f (x), g(x) ≥ 0, 0 < ∫∞0 f 2(x)dx <∞, 0 < ∫∞0 g2(x)dx <∞. Then∫ ∞
0
∫ ∞
0
f (x)g(y)
x+ y+max {x, y}dx dy < c
(∫ ∞
0
f 2(x)dx
∫ ∞
0
g2(x)dx
)1/2
, (1.4)
where c = √2(pi − 2 arctan√2) ≈ 1.7408.
The Gamma and Beta functions denoted by 0(p), B(p, q) are defined respectively by
0(p) =
∫ ∞
0
tp−1e−tdt, p > 0. (1.5)
B(p, q) =
∫ 1
0
tp−1(1− t)q−1dx =
∫ ∞
0
tp−1
(1+ t)p+q dt, p, q > 0. (1.6)
2. Main results
Lemma 2.1. Let p, q > 0. Then
0(p) = e
∫ 1
0
x−p−1e−1/x
(1− x)1−p dx = e
∫ ∞
1
e−x
(x− 1)1−p dx. (2.1)
B(p, q) =
∫ ∞
1
x−p−q
(x− 1)1−p dx. (2.2)
Proof. (2.1) follows by putting t = 11+x , 1+ x, in (1.5) respectively, and (2.2) follows by putting x = 1/t in (1.6). 
Theorem 2.2. Assume that f , g, h, k ≥ 0, h = h(x, y), k = k(x, y) : <+ × <+ → <+, h is homogeneous of degree λ and k is
nondecreasing, p > 1, 1p + 1q = 1. Then
(a) For k(t) 6= 1, or in general (k(t) 6= c),∫ ∞
0
∫ ∞
0
f (x)g(y)
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dx dy ≤ C (∫ ∞
0
t1−λf p(t)dt
)1/p (∫ ∞
0
t1−λgq(t)dt
)1/q
, (2.3)
where C = I1 + I2,
I1 =
∫ 1
0
1
h(1, x)k
(
x−1
)dx, I2 = ∫ ∞
1
1
h(1, x)k(x)
dx,
and ∫ ∞
0
∫ ∞
0
f (x)g(y)
h(x, y)min
{
k
(
x
y
)
, k
( y
x
)}dx dy ≤ C (∫ ∞
0
t1−λf p(t)dt
)1/p (∫ ∞
0
t1−λgq(t)dt
)1/q
, (2.4)
where C = J1 + J2,
J1 =
∫ 1
0
1
h(1, x)k (x)
dx, J2 =
∫ ∞
1
1
h(1, x)k(x−1)
dx.
(b) For k(t) = 1,∫ ∞
0
∫ ∞
0
f (x)g(y)
h(x, y)
dx dy ≤ C
(∫ ∞
0
t1+b−λ−a(p−1)f p(t)dt
)1/p (∫ ∞
0
t1+a−λ−b(q−1)gq(t)dt
)1/q
, (2.5)
where C = K 1/p1 K 1/q2 ,
K1 =
∫ ∞
0
tb
h(1, t)
dt, K2 =
∫ ∞
0
ta
h(t, 1)
dt,
provided all the integrals on the RHS do exist.
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Proof. (a)∫ ∞
0
∫ ∞
0
f (x)g(y)
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dx dy
=
∫ ∞
0
∫ ∞
0
f (x)
h1/p(x, y)
(
max
{
k
(
x
y
)
, k
( y
x
)})1/p × g(y)
h1/q(x, y)
(
max
{
k
(
x
y
)
, k
( y
x
)})1/q dx dy
≤
∫ ∞
0
∫ ∞
0
f p(x)
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}
1/p ×
∫ ∞
0
∫ ∞
0
gq(y)
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}
1/q
= M1/pN1/q.
We first consider
M =
∫ ∞
0
∫ ∞
0
f p(x)
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}
=
∫ ∞
0
f p(x)
∫ ∞
0
1
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dy
 dx.
Now,∫ ∞
0
1
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dy = ∫ x
0
+
∫ ∞
x
= M1 +M2.
Since in the case ofM1, x ≥ y implies xy ≥ yx , and hence k
(
x
y
)
≥ k ( yx ), then we have
M1 =
∫ x
0
1
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dy = ∫ x
0
1
h(x, y)k
(
x
y
)dy
=
∫ x
0
1
h(x, xx−1y)k
(
x
y
)dy
= x1−λ
∫ x
0
1
x
k
(
1, yx
)
k
(
x
y
)dy
= x1−λ
∫ 1
0
1
h(1, u)k(u−1)
du, (y/x = u)
= I1x1−λ.
Also,
M2 =
∫ ∞
x
1
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dy = ∫ ∞
x
1
h(x, y)k
( y
x
)dy
≤ x1−λ
∫ ∞
x
1
h(x, y)k
( y
x
)dy
= x1−λ
∫ ∞
x
1
h
(
1, yx
)
k
( y
x
)dy
= x1−λ
∫ ∞
1
1
h(1, u)k(u)
du
= I2x1−λ.
Therefore,∫ ∞
0
1
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dy = Cx1−λ,
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and hence
M ≤ C
∫ ∞
0
x1−λf p(x)dx.
Similarly,
N ≤ C
∫ ∞
0
y1−λgq(y)dy.
Collecting the above estimations, we have∫ ∞
0
∫ ∞
0
f (x)g(y)
h(x, y)max
{
k
(
x
y
)
, k
( y
x
)}dx dy ≤ C (∫ ∞
0
t1−λf p(t)dt
)1/p (∫ ∞
0
t1−λgq(t)dt
)1/q
.
The proof of (2.2) is similar, and therefore it is omitted.
(b) We have∫ ∞
0
∫ ∞
0
f (x)g(y)
h(x, y)
dx dy =
∫ ∞
0
∫ ∞
0
f (x)yb/p
xa/qh1/p(x, y)
g(y)xa/q
yb/ph1/q(x, y)
dx dy
≤
(∫ ∞
0
∫ ∞
0
f p(x)yb
xap/qh(x, y)
dx dy
)1/p (∫ ∞
0
∫ ∞
0
gq(y)xa
ybq/ph(x, y)
dx dy
)1/q
.
We consider
S =
∫ ∞
0
x−a(p−1)f p(x)dx
∫ ∞
0
yb
h(x, y)
dy.
Now, as∫ ∞
0
yb
h(x, y)
dy =
∫ ∞
0
yb
h(x, xx−1y)
dy =
∫ ∞
0
yb
xλh
(
1, yx
)dy = x1+b−λ ∫ ∞
0
ub
h(1, u)
du,
then
S = K1
∫ ∞
0
t1+b−λ−a(p−1)f p(t)dt.
Similarly,
Y = K2
∫ ∞
0
t1+a−λ−b(q−1)gq(t)dt.
This completes the proof of the theorem. 
Remark. It may be mentioned that the classical Hardy–Hilbert’s integral inequality (1.1) follows from Theorem 2.2
(inequality (2.3)) by putting
h(x, y) = x+ y, a = 1/q− 1, b = 1/p− 1.
3. Applications
Corollary 3.1. Assume that f , g ≥ 0, λ > 0, p > 1, 1p + 1q = 1, then∫ ∞
0
∫ ∞
0
f (x)g(y)
|x− y|1−λmax {ex/y, ey/x}dx dy ≤ 20(λ)e
(∫ ∞
0
t1−λf p(t)dt
)1/p (∫ ∞
0
t1−λgq(t)dt
)1/q
, (3.1)
provided the integrals on the R.H.S do exist.
Proof. The result obtained from Theorem 2.2, by putting
h(x, y) = |x− y|1−λ , k(x) = ex
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as follows:
I1 =
∫ 1
0
e−
1
t
(1− t)1−λ dt =
∫ 1
0
tλ+1t−λ−1e−
1
t
(1− t)1−λ dt ≤
∫ 1
0
t−λ−1e−
1
t
(1− t)1−λ dt =
0(λ)
e
.
I2 =
∫ ∞
1
e−t
(1− t)1−λ dt =
0(λ)
e
.
Therefore C = 20(λ)e . 
Corollary 3.2. Assume that f , g ≥ 0, 0 < λ < 2, p > 1, 1p + 1q = 1, then∫ ∞
0
∫ ∞
0
f (x)g(y)
(x+ y)λ
(
min
{
x
y ,
y
x
}) λ
2−1
dx dy ≤ B
(
λ
2
,
λ
2
)(∫ ∞
0
t1−λf p(t)dt
)1/p (∫ ∞
0
t1−λgq(t)dt
)1/q
(3.2)
provided the integrals on the R.H.S do exist.
Proof. The result obtained from Theorem 2.2 by putting
h(x, y) = (x+ y)λ, k(x) = x1− λ2 ,
as follows:
I1 =
∫ 1
0
t1−
λ
2
(1+ t)λ dt =
∫ 1
0
t2−λt
λ
2−1
(1+ t)λ dt ≤
∫ 1
0
t
λ
2−1
(1+ t)λ dt =
1
2
B
(
λ
2
,
λ
2
)
.
I2 =
∫ ∞
1
t
λ
2−1
(1+ t)λ dt =
1
2
B
(
λ
2
,
λ
2
)
.
Therefore C = B ( λ2 , λ2 ). 
Corollary 3.3. Assume that f , g ≥ 0, λ > 0, p > 1, 1p + 1q = 1, then∫ ∞
0
∫ ∞
0
f (x)g(y)
|x− y|1−λmax
{(
x
y
)2λ
,
( y
x
)2λ}dx dy ≤ 2B (λ, λ)
(∫ ∞
0
t1−λf p(t)dt
)1/p (∫ ∞
0
t1−λgq(t)dt
)1/q
. (3.3)
Proof. The result obtained from Theorem 2.2 by putting
h(x, y) = |x− y|1−λ , k(x) = x2λ,
as follows:
I1 =
∫ 1
0
t2λ
(1− t)1−λ dt =
∫ 1
0
tλ+1tλ−1
(1− t)1−λ dt ≤
∫ 1
0
tλ−1
(1− t)1−λ dt = B(λ, λ).
I2 =
∫ ∞
1
t−2λ
(t − 1)1−λ dt = B(λ, λ).
Therefore, C = 2B(λ, λ). 
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